This article considers a range of interconnected issues that impinge on the teaching and learning of mathematical subjects and how this is made accessible to disabled students. It focuses on the issues that arise from the now common use of electronic media such as word-processed documents or web based presentation and how mathematics is represented, encoded and manipulated in these. This is an area of long standing challenge and one that a comprehensive and agreed approach for dealing with is yet to be arrived at. This challenge emerges from the potency of the highly developed symbolic language of mathematics and the fact that most electronic formats have been devised to present alphabetical rather than symbolic languages. To quote:
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This article considers a range of interconnected issues that impinge on the teaching and learning of mathematical subjects and how this is made accessible to disabled students. It focuses on the issues that arise from the now common use of electronic media such as word-processed documents or web based presentation and how mathematics is represented, encoded and manipulated in these. This is an area of long standing challenge and one that a comprehensive and agreed approach for dealing with is yet to be arrived at. This challenge emerges from the potency of the highly developed symbolic language of mathematics and the fact that most electronic formats have been devised to present alphabetical rather than symbolic languages. To quote:
"A distinguishing feature of mathematics is the use of a complex and highly evolved system of two-dimensional symbolic notations. …Mathematical ideas exist independently of the notations that represent them. However, the relation between meaning and notation is subtle, and part of the power of mathematics to describe and analyze derives from its ability to represent and manipulate ideas in symbolic form. The challenge in putting mathematics on the World Wide Web [or any electronic format] is to capture both notation and content (that is, meaning) in such a way that documents can utilize the highly-evolved notational forms of written and printed mathematics, and the potential for interconnectivity in electronic media."
From the Introduction to the W3C MathML Specification v2.0 [1] Much of what can be said about mathematics also applies to other symbolic languages such as music and chemical notations and some formal expressions of ideas in social science, engineering and computer science. The access problem is one that applies to all symbolic languages and a truly satisfactory solution would apply generally too, but this article focuses on mathematics.
These issues are important to all educational establishments. In the UK, all educational establishments have obligations under the Disability Discrimination Act [2] not to treat disabled students less favourably on the basis of their disability. There is similar legislation in place, or coming into place, in most of the developed world. What is more, most institutions have in their ethos a desire to be inclusive of people irrespective of any disability. This article discusses a challenging area where institutions may unintentionally discriminate by making access to mathematics harder for some disabled students than their peers.
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Specific issues for disabled students
This article attempts to deal with the problems of using mathematics in electronic formats for a wide range of disabilities. This includes those with a range of visual impairments, those with specific learning disabilities, such as dyslexia and dyscalculia, as well as those who may have a problem navigating and manipulating complex mathematics due to physical disabilities. There is a long standing and justifiable move away from these medical classifications of disability. The IMS [3] Accessibility Special Interest Group (of which the author is an active member) has, in their work on accessibility standards in eLearning, defined the term disability thus:
"Disability is… a mismatch between the needs of the learner and the education offered. It is therefore not a personal trait but an artefact of the relationship between the learner and the learning environment or education delivery. Accessibility, given this re-definition, is the ability of the learning environment to adjust to the needs of all learners." [4] Similarly in this article, it is the needs of disabled students with respect to their interaction with mathematics in electronic media that are considered. These needs broadly fall into three groups, depending on the possible ways of meeting those needs. Where someone is not able to access the normal representation or presentation of the mathematics, there are two possible tactics:
1. Transform the visual representation into a form that can be accessed or 2. Provide and alternative means (modality) of accessing the underlying semantics
Where someone finds it difficult to interact with the mathematics:
3. Provide navigation and manipulation (editing) tools that can be used by those who may not be able to use a conventional keyboard or mouse or see a visual display.
Tactic 1 is best suited to meet the needs of someone who could access the normal representation if only it was relatively simply transformed (enlarged, changed in colour contrast, etc.). This would include many with partial sight and those with dyslexia or possibly dyscalculia.
Tactic 2 is necessary when whatever might be done to the visual representation the semantics will not be accessible. This is the case for people with no usable sight. Now, how maths is encoded has a big effect on whether either or both of the tactics 1 and 2 can be made available. Tactic 3 may be more an issue for the design of editors rather than the encoding itself and can affect those with physical disabilities as well as severe visual impairment.
Like any other language, symbolic languages need to be learnt. Learning the language is a significant part of mathematics learning. Where an alternative access modality is used this learning needs to take place using that modality 1 , this often adds an additional dimension to the skills that need to be acquired. This can take a long time. At most universities in the UK there would be a requirement for a certain pass mark at A-Level maths (final exams at high school) to study courses with significant mathematical content. To get to this level a blind student, for example, would normally have learnt their mathematics in their preferred modality throughout their school life. They would normally have well established strategies for using their assistive technology (such as screen-readers with speech synthesisers or braille displays) to access maths. However, a further problem exists in courses that contain a significant mathematical component, but which have no prerequisite to have studied maths to a particular level. This is a big challenge for the Open University, where the author is based, whose courses are largely open access. A blind student coming to study such courses may have to learn these strategies and how to use their assistive technology, which also might be new to them and their tutors, at the same time as learning the mathematics. The provision of appropriate additional learner support should be considered in such cases.
Possible encodings of mathematics and disabled students
Possible encodings of mathematics in electronic formats can be categorised as to whether they encode the visual aspects for presentation or the underlying semantics, which later has to be transformed to generate a display. The advantage of the latter is that it creates the opportunity to transform into alternative forms (e.g. maths rendered in speech or braille). Even where the encoding of the visual representation is selected, access for those who require an alternative modality is still usually possible, but only by providing an associated text description of the expression, or in some cases context information that can reduce ambiguities. A brief survey of the main ways available for encoding maths and how these impinge on the disabled learner follows.
Note on maths and Braille
Some blind mathematicians make extensive use of maths braille. However, there are numerous variations in the way maths is encoded in the braille schemes of different countries. It is important to note that even the way English is represented in the braille codes of the UK and the USA, for example, differ considerably and then UK Maths Braille differs from that used in the USA called Nemeth Code. There are groups working worldwide towards the automatic transformations from MathML and other encodings of maths to various braille representations, but this work is not yet complete. At least one group, the iGroup UMA (Universal Web Access) [5] is working towards a solution that also addresses the problem of national differences.
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Note there is a distinction between braille mathematics, forms of braille specifically designed to represent mathematic symbols and functions, and the use of braille to represent mathematics that has been previously rendered as text. Either of these approaches may meet the needs of different students and which is best will depend on the complexity of the mathematics in question and the educational background of the student.
Some blind academic mathematicians find even Maths Braille inadequate and work direct with the code generated by maths editors such as LaTeX. However, this requires very highly developed abstract thinking skills and is not suitable for most disabled students.
The issue of mathematics in braille, while important for some, is not one that affects a high proportion of visually impaired students. Few blind people are competent braille users and even fewer know the special maths codes. The Open University, for example, does not routinely provide braille alternatives to its course materials, where it makes extensive provision of eBooks and other electronic formats and audio recordings of texts. Where a student requires Braille translations, these can be commissioned from specialist braille services. Some of these are also able to provide translations of mathematics to Maths Braille up to degree level standard. Students may be able to use their Disabled Student Allowances or other sources of financial support for these services. Thus in the terms of the Disability Discrimination Act (DDA) a "reasonable adjustment" would normally be available to provide an alternative format, particularly where the material concerned is available well in advance of the students need of it.
Textual descriptions of mathematics
The approach outlined below of providing either hand crafted, or possibly automatically generated, textual descriptions of maths expressions gives another approach suitable for relatively simple maths. The challenge is in designing plain English descriptions of the mathematics unambiguously. When this is done these can be read by a screen-reader and presented as synthesised speech or displayed on a refreshable braille display. For example if the encoded maths is represented by:
then author the alternative as:
"y equals x squared minus 2".
The issue of "chunking"
When it comes to more complex mathematical expressions, there arises a further issue of how to break down an expression into its constituent parts to enable any alternative rendering of this to be understood. For example consider the sine series derived from Taylor's theorem which can be represented as To create a textual or braille alternative to even this relatively simple expression, it is best to give the student first an overview of the expression and then the detail. Hence a textual rendering of this might be:
"Sin of x is equal to the sum of an infinite series between k equals zero and k equals infinity. The expression to be summed consists of 3 terms" -This is overview. Then "The first term is a sign term minus 1 to the power k. This is multiplied by the term x raised to the power of 2k plus 1 and divided by the term 2k plus 1 factorial"
Even in this relatively simple example some of the ambiguities of turning maths notation into text that can be voiced are shown. There exists the possibility of ambiguity in the spoken expression between "sign" and "sine" and the parenthesis of the numerator and denominator may not be clear. Is the numerator term:
or ?
This approach of giving an overview and then the constituent terms is undoubtedly a very valuable one. It is commonly referred to as "chunking" and various groups worldwide are looking at ways of doing it automatically, but none of these are currently mature enough or available for use with disabled students. Furthermore, in more complex expressions than the example above, there will be a requirement for nesting "chunks". Increasing complexity makes increasing demands of the mental capacities of the student as they try to construct an internalisation of the expression from the spoken or braille rendering of the textual description.
Graphics with Alt-Texts
The most direct way of encoding the visual representation of maths is to encode it as an image and this has been done extensively over the history of the internet and in word-processed documents. A key way of making images in general accessible is to provide an associated textual description, usually referred to as "alt-texts", from the HTML mark-up. The accessibility issues of this fall into two categories. Firstly, is the graphics format one that can be changed by the student in their browser so that it can be enlarged or presented in different sizes or colour contrasts? Secondly, the images do not specifically encode semantic content so that they can be transformed to an alternative rendering such as speech or braille. Therefore separately authored descriptions must be provided.
However, some degree of accessibility can be achieved in graphics based approaches. By selecting the appropriate graphics format, these can be transformed visually and by . This could potentially be adopted as a way of encoding semantic information about a maths expression represented in SVG. However, in researching for this article, no report of this approach being tried was found.
A simple way of enhancing the accessibility of images of simple mathematical expressions is to add a textual description in the alt-text field of the graphic. For example in HTML mark-up:
<img src="y=x^2.gif" alt="A function: y equals x squared"> However this approach has a number of server limitations in anything but the simplest of mathematical expressions:
All the alt-texts need to be hand written; not only is this an additional burden to authors, it is prone to huge variability in description. Even in the above simple example the alt-text could have been: "A function in x of y where y equals x to the power 2" or "y equals x raised to the power 2". Consistency in authoring these alt-texts will be a great asset to visually impaired or dyslexic students learning this form and subsequently interacting with mathematics throughout their studies. However even if guidelines are drawn up it would be impossible to achieve consistency across the numerous authors writing mathematical content within an educational establishment.
As the complexity of the mathematical expressions increase, it becomes increasingly hard to author textual descriptions that are unambiguous. This has already been discussed above.
Removing ambiguity, when transforming the modality maths is expressed in, is a challenge whatever the encoding of the mathematics. However, where the underlying semantics is encoded in a formalised way, such as is possible in MathML described later, standard conventions can be imposed that assist greatly here.
The approach adopted in the OpenMark-S project
There is an internal Open University project, called OpenMark-S, further developing an approach of making available to students online formative and summative assessment tools. The project has made accessibility a high priority. It is mentioned here because they have adopted an image with alt-text approach to making simple mathematical expressions accessible where these are included in questions and answers.
1.
2.
The OpenMark-S software uses the Portable Network Graphic (PNG) format. This is a high quality, but raster based format, that can be magnified to a reasonable degree without degradation. A set of alternative colour contrasts can be selected by the students. The alt-text descriptions associated with the equation are hand crafted. However, a key feature is that the alt-texts can import numerical values from the underlying JAVA program. This is vital in this application because a key feature of OpenMark-S is that a student can return to the same question repeatedly, but it is parameterised with different values each time.
An example of a simple equation in OpenMark-S in XML mark-up is: <equation alt="1 over __A__ plus __1__ over __B__"> \frac{1}{__A__} + \frac{1}{__B__} </equation> __A__ and __B__ are numeric variables that are filled in 'on the fly' from the underlying JAVA application. The \frac{}{} creates the image for a simple fraction with the first argument being the numerator and the second the denominator. The alt-text is not automatically generated, other than the importing of its parameters.
Approaches Originating from Mathematics in Print
Extensive use that has been made of TeX or LaTeX [7] in printed mathematics. Many professional mathematicians and authors or editors of texts including mathematics use tools that result in encodings based on these. LaTeX is a document preparation system for the TeX typesetting program. It offers programmable desktop publishing features and extensive facilities for automating most aspects of typesetting and desktop publishing, including important features for maths, such a vertical alignment of text. LaTeX, originally written in 1984, has become the dominant method for using TeX and few people write in plain TeX anymore. Some blind mathematicians have developed the skill to read LaTeX code directly, however this approach is not judged appropriate for most visually impaired students. This is because it requires a high level of abstract mental ability to mentally parse the code and extract the semantics from what is essentially a mark-up of visual presentation of the maths.
MathML
The Mathematical Mark-up Language (MathML) was first introduced as a Recommendation 3 by the W3C in 1998. It is defined in XML; indeed it was the first published W3C recommendation to be so defined. The intention of its designers was that MathML would "enable mathematics to be served, received, and processed on the Web, just as HTML has enabled this functionality for text" [8] . The latest version of the recommendation is MathML Version 2.0 (2nd Edition) [9] , published in 2003.
It is not the purpose here to give a full overview of MathML (the specification runs to over 500 pages),
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Overview of MathML Recommendation
MathML enables the structure and parameters of mathematical expressions to be encoded. A well encoded MathML expression can be evaluated in a computer algebra system, rendered in a Web browser, edited in a word processor, or printed.
In MathML, there are two styles of encoding called content encodings (that focus on the underlying meaning of the expression) and presentation encodings (focussed at how the expression will be displayed or printed). Which will be used when; will depend on the purpose of the application in question. MathML allows an author to use either kind of encoding, or mix them in a hybrid. (The implications of this for accessibility are discussed later.)
In presentation mark-up, expressions are built-up using layout schemata, which tell how to arrange their subexpressions, e.g. as a fraction or a superscript. The way the MathML layout schemata are nested together is naturally described by an expression tree, where each node represents a particular schema, and its branches represent its sub-expressions. Even complicated, nested expressions are built-up from a handful of simple schemata.
The primary role of MathML content elements is to provide a mechanism for recording that a particular notational structure has a particular mathematical meaning. To this end, every content element must have a mathematical definition associated with it in some form. Content markup is intended for facilitating applications other than display, like computer algebra and speech synthesis. As a consequence, when using just content mark-up, it is harder to directly control how an expression will be displayed.
Content mark-up and presentation mark-up use the same kind of syntax. Each layout schemata or content construction corresponds to a pair of start and end tags (except for so-called empty elements like <plus/>). The mark-up for each sub-expressions is enclosed between the start and end tags; the order they appear in determines what roles they play in the given schema.
By way of example, but with no explanation of the detail of the mark-up, the following classic formula for the roots of a quadratic equation:
is represented in MathML presentation mark-up thus: <mrow> <mi>x</mi> <mo>=</mo> <mfrac> <mrow> <mrow> <mo>-</mo> <mi>b</mi> </mrow> <mo>&PlusMinus;</mo> <msqrt> <mrow> <msup> <mi>b</mi> <mn>2</mn> </msup> <mo>-</mo> <mrow> <mn>4</mn> <mo>&InvisibleTimes;</mo> <mi>a</mi> <mo>&InvisibleTimes;</mo> <mi>c</mi> </mrow> </mrow> </msqrt> </mrow> <mrow> <mn>2</mn> <mo>&InvisibleTimes;</mo> <mi>a</mi> </mrow> </mfrac> </mrow> OpenMath OpenMath [11] is an emerging standard for representing mathematical objects with their semantics, allowing them to be exchanged between computer programs, stored in databases, or published on the worldwide web. While the original designers were mainly developers of computer algebra systems, it is now attracting interest from other areas of scientific computation and from many publishers of electronic documents with a significant mathematical content. There is a strong relationship to the MathML Recommendation from the W3C, and a large overlap between the two developer communities. MathML deals principally with the presentation of mathematical objects, while OpenMath is solely concerned with their semantic meaning or content. While MathML does have some limited (from a professional mathematician's perspective) facilities for dealing with content, it also allows semantic information encoded in OpenMath to be embedded inside a MathML structure.
The implication of this, for the considerations here, is that some people who use advanced mathematics in their teaching or research may be concerned that MathML is not able to support all the mathematical semantics and notation they need. However, there is a ready extension mechanism built into MathML. This extension mechanism can refer to the much more extensive list of definitions of maths content maintained by OpenMath. Even beyond that, it is possible to define additional content mark-up Making Mathematics Teaching Inclusive Access for Disabled Students to Symbolic Languages in Electronic Media -Martyn Cooper definitions for new notations and declare how they should be displayed using presentation mark-up.
Note -There is also an ISO Standard (ISO 12083) [12] for Electronic Manuscript Preparation and Markup that includes a Document Type Definition (DTD) for marking-up mathematics. The main standard is Standard Generalized Markup Language (SGML) based, but the working group also produced an XML version [13] . These could potentially be used for encoding mathematics in content for web-based delivery or electronic documents, but this does not appear to have become common practice.
Practical issues in adopting MathML
The browser issue
MathML has probably not become as widely or rapidly adopted as its proponents envisaged. A key issue here has been the lack of browsers with native support for it. This is a situation that has become much improved over the last few years and a reasonably up-to-date list is given below. Generally, the lack of browser support for MathML is no longer a significant reason for not adopting a MathML approach to encoding mathematics in web content. However, as discussed in the following section, there is an issue as to whether, even if a particular browser supports MathML, it also supports all accessibility potential anticipated in adopting MathML as the encoding scheme. MathML can also be embedded in Word documents and equation editors are available for this.
Common Web Browsers Supporting
Content and/or Presentation Mark-Up
Some of the accessibility advances of MathML derive from its ability to encode the semantic information of the expression in such a way that this could be automatically transformed to an alternative form, such as plain text, speech, or (with further work) any dialect of maths braille. Others derive from the ability to change how maths is displayed by changing fonts, font size, colours, etc. These two tactics depend on different aspects of MathML. Then parallel mark-up can either be "top-level" i.e. the content and parallel presentation mark-ups are created for a mathematical expression as a whole, or applied at the level of sub-expressions 4 . The specification prohibits some combinations of presentation and content mark-up to "avoid ambiguous or otherwise problematic expressions". Now the detail of what these different options look like in the mark-up is unimportant here. However this does raise a potential problematic area i.e. both content and presentation mark-up is important for accessibility 5 . Therefore the authoring tools selected will need to support the creation of both. Furthermore, the issue will be how different browsers, and where necessary browser plugins, interpret the MathML code these authoring tools generate. This will apply to both the visual rendering of the expression and the passing of the content mark-up to other applications to render as speech for example. (MathPlayer v.2.0 [18] , the recommended MathML plug-in for Internet Explorer, has a simple embed speech output mechanism and can pass mathematical semantic expressions to a screen-reader.) 6 This creates the unfortunate situation that some of the anticipated accessibility advantages of using MathML are not realised because of authoring tools and browser issues, even though the mark-up generated and read is valid MathML.
MathML to speech approaches
It is often assumed that transforming to speech output would be a good accessibility approach. Indeed, this may be true in some cases, but it still suffers from the challenge of how to remove ambiguity. If one listens to a maths lecturer in an old fashioned style lecture, scrawling reams of maths script on a roll-up board, voicing it as they go, the written form is needed to remove ambiguities from the spoken form. That being said, speech is an approach that has some benefit for those learning to access mathematics in electronic media and only dealing with relatively simple mathematical expressions. Some approaches that have been set forward for achieving the transformations from MathML to speech output are mentioned here.
MathML to text to voice
If MathML in a Web page is transformed to text, and this is not a trivial problem (particularly when the more commonly used presentation mark-up is used alone), then this text in turn can 
Responses given the current state-of-the-art
As can be seen from the previous description, the current situation with respect to how mathematics is encoded in electronic documents or web pages and how it can then be presented to disabled people in a way that meets their needs is far from ideal. There is no obvious standard approach and all of the available approaches have limitations. However, this does not mean that nothing can be done before further development of the field. The approach commended here is to consider which of the outlined approaches best suits the situation in question.
Factors that impinge on determining the best approach include: whether one is seeking to generally meet the needs of disabled students or respond to the needs of a particular individual; the level and complexity of the mathematics in question; and the media being used.
If content is to be presented in web pages, graphical formats with associated alt-texts are most likely to be best used for simple mathematics and where there is a limited amount of mathematics within a text. For more complex or dense mathematical material then MathML, despite its aberrations, is the most viable currently available approach and is now sufficiently supported by editors and browsers.
In most cases, students need to manipulate mathematics they may read in a document or on a web page and be able to present the results of their manipulation. In Word documents, the use of MathType as an editor is commended. This can be downloaded as an upgrade to the standard equation editor that comes with Word. MathType is capable of converting mathematics to a wide range of formats, including various image formats, TeX or LaTeX and, if saving from Word into HTML, MathML. The best format will depend on the situation, but the flexibility of this tool is important. Furthermore, the company that produce it, Design Science, have done significant work on accessibility in their products.
This article has concentrated on the technical issues around the encoding of mathematics. However, the role of human assistance in supporting disabled students should not be understated. This can be from tutors or peers and can be in the form of training in the use of the tools or in help in interacting with the maths itself. The professional mathematicians who are blind, for example, usually work with assistance from their graduate students or other sighted mathematicians. Successful coping strategies for most disabled students will include a combination of technical approaches, based on assistive technologies and appropriately encoded content, and human assistance. Each student should be helped in arriving at the best balance of these in their course context and given the strategies they have used in the past. 
Looking to the future
Concluding Comments
This article has concentrated on the challenges of encoding mathematics in web pages and electronic documents, so that disabled students can access them in their studies. However, it must be stated that despite these challenges, many disabled students do successfully study mathematics based subjects. The challenge for educational institutions is, as they make increasing use of eLearning, that they do so in a way that does not introduce unnecessary barriers to disabled learners and that they widen access to these subjects from just those disabled students with exceptional aptitude and determination. Although the current stateof-the-art is less than ideal, approaches are available that can make mathematics in electronic documents and on the web accessible to virtually all disabled students. Although not a main theme in this article, the role of human support must not be underestimated. Furthermore, tutors should learn to recognise the disabled students own expertise in developing coping strategies that work for them.
